This paper proposes an efficient way to calculate the transient electromagnetic field coupling to overhead multiconductor transmission lines (MTLs) in the time domain based on the Gauss-Seidel iterative algorithm analytically. This method is performed in the time domain directly. Thus, the case that transient electromagnetic field coupling to MTLs terminated by nonlinear load can be analyzed conveniently. In this method, the cross-coupling between the conductors is represented by the equivalent distributed voltage and current sources along every lines. Then, the analytical expressions of the voltage and current response along MTLs are derived iteratively in time domain based on the Gauss-Seidel iterative algorithm. The proposed method is validated by several numerical examples, which demonstrate that the proposed approach could handle the case that MTLs terminated by the linear load and the case that MTLs terminated by the nonlinear load with the acceptable computational accuracy. The proposed method exhibits a higher convergence rate than the previous Jacobi iterative method, especially for the case where the MTLs have a high ratio of length to wavelength and the case in which the MTLs have a high coupling factor. Additionally, due to the analytical methodology that the proposed method adopts, the computational accuracy is not affected by the simulation time step. Therefore, the proposed approach is very efficient for modeling of the transient electromagnetic field coupling to long overhead multiconductor transmission lines.
I. INTRODUCTION
Overhead multiconductor transmission lines (MTLs) normally play a very important role for electrical systems such as power systems. MTLs are easily coupled by the incident transient electromagnetic fields such as the lightning electromagnetic pulse that is generated from nearby lightning [1] - [3] , the intentional electromagnetic interference [4] generated by high-power microwave sources, or even high-altitude electromagnetic pulses [5] . These transient electromagnetic fields can excite the high amplitude of transient overvoltage and current along the overhead MTLs and cause serious effects to the power lines and interconnected equipment such as flashover, short-circuit and insulation breakdown. Therefore, the modeling of transient electromagnetic fields coupled to MTLs has become one of the crucial ways to study the The associate editor coordinating the review of this manuscript and approving it for publication was Amedeo Andreotti . transient response and to properly design the protection configuration.
The modeling approaches of transient electromagnetic fields coupled to multiconductor transmission lines [6] - [11] both in the time domain and the frequency domain have been proposed by many researchers. Since the protective devices such as surge arresters normally have nonlinear characteristics, the time domain methods are more preferred for the transient analysis of overhead MTLs [11] . To describe the voltage and current response along the transmission line, the Telegrapher's Equations are commonly applied [12] - [14] . In the time domain, the Telegrapher's Equations that are the function of time and space formed with a set of partial differential equations. The most fundamental and classic way to solve these time domain Telegrapher's Equations is the use of numerical methods such as the finite-different time-domain (FDTD) method [15] - [18] . In a conventional FDTD method, traveling waves are discretized both in space and time to transform the Telegrapher's Equations into numerous algebraic equations.
For the case that the long overhead multiconductor transmission lines excited by an external transient electromagnetic field, to obtain a high computational accuracy when using the conventional FDTD method, the mesh size should be significantly smaller than the wavelength, which would lead to a high CPU cost and relatively low calculation efficiency. Additionally, for the case of transient electromagnetic fields coupling to long MTLs, since the conductors are coupled with each other, the computing tasks that are used for decoupling the MTLs also consume considerable computing resources, especially in the case that have a big number of conductors.
Some of the literatures have been proposed to improve the calculation efficiency when evaluating the induced response of multiconductor transmission lines illuminated by transient electromagnetic fields (e.g., [19] - [20] ). Paul [19] proposed a method to determine the symbolic solution of transmission line equations under the assumption of weak coupling for a three-conductor lossless line with a high efficiency. Nakhla et al. [20] and Liu et al. [21] proposed a delay extraction-based passive compact macromodeling algorithm that employs an efficient way for delay extraction. Many researchers proposed other efficient methods based on waveform relaxation and transverse partitioning techniques [22] - [32] .
To solve the problem analytically and to further maintain the accuracy, Xie et al. [33] proposed the so-called distributed analytical representation and Jacobi iterative technique method in the frequency domain (Jacobi-DARIT-FD). In this method, the interaction effect between lines is equivalent to the distributed voltage and current sources along every lines. The distributed voltage and current sources, which are related to the voltage and current response along other lines, are evaluated iteratively. In this way, the MTLs are decoupled, leading to a high calculation efficiency. More recently, to address the presence of nonlinear components, the DARIT method along with the Jacobi iterative scheme has been extended to the time domain (Jacobi-DARIT-TD) [34] . Since the abovementioned DARIT methods adopt the Jacobi iterative scheme, all the conductors are handled in parallel. Thus, they have a high calculation efficiency, especially in the case that have a big number of conductors. However, as discussed in [35] , the DARIT method based on the Jacobi iterative scheme may suffer from a relatively low convergence rate, especially for the case where the MTLs have a high ratio of length to wavelength and the case in which the MTLs have a high coupling factor.
To further enhance the convergence rate of the DARIT methods when applied to the case where the MTLs have a high ratio of length to wavelength and the case in which the MTLs have a high coupling factor, Guo et al. [36] proposed a revisited DARIT method that is based on the Gauss-Seidel iterative scheme in the frequency domain (Seidel-DARIT-FD). This method adopts the Seidel iteration scheme to handle every conductor sequentially and always uses the computed voltages and currents along other line conductors from the present iteration step, as opposed to using the computed results from the previous iteration in the Jacobi iteration method. Therefore, this method takes full advantage of the updated information in every iteration step and has a higher convergence rate than that of the Jacobi method.
To address the problem of overhead MTLs with nonlinear loads, the Seidel-DARIT-FD method has been extended to the time domain and was introduced briefly in [37] . The present paper aims to show the complete concept and procedure of the proposed approach detailedly. In this method, the discretization process of the line conductors is no longer needed. The transient response along the MTLs are calculated directly from the time domain analytical expressions, and the computational accuracy of the proposed approach is not affected by the time step, which allows us to obtain an accurate result with considerably larger time steps and leading to a high efficiency. As mentioned earlier, in the DARIT method, all the results for the induced voltages and currents at every iteration are calculated from the analytical expressions, which the expression formation strongly depend on the adopted iteration scheme. Therefore, the expressions for the time domain DARIT method based on the Gauss-Seidel iterative scheme, which will be derived in this paper, are totally different from those based on the Jacobi iterative scheme.
The rest of this paper is organized as follow. Section 2 describes the outline of the proposed time domain approach. Section 3 introduces the derivation of the general iterative procedure of the proposed approach. Section 4 presents validation examples. Finally, conclusions are presented in Section 5.
II. OUTLINE OF THE METHOD
The investigated problem of the MTLs is illustrated in Fig. 1 . We consider the overhead N -conductor transmission lines of length L excited by an external transient electromagnetic field. The incoming wave is a uniform plane wave with an azimuth angle ϕ and the elevation angle ψ. For the lossless MTLs, the matrix form of the time domain Telegrapher's Equations can be expressed as follows:
where v(x,t) and i(x,t) are the voltages and currents along every conductor. v s (x,t) and i s (x,t) are the source terms, the expressions of which can be found in [8] . L w and C w are the per-unit-length inductances and capacitances in matrix form. Decomposing the matrix form of time domain Telegrapher's Equations, the Telegrapher's Equations for the single conductor i are as follows:
A recursive differential equations based on the Gauss-Seidel iteration scheme can be obtained by applying the waveform relaxation techniques to (2) as:
By applying the equation transformation, the recursive differential equations in a combined voltage form can be formulated as: ∂w
where the equivalent distributed sources can be defined as follows:
The general solution for equation (6) could be obtained as:
where D is defined as follows:
It should be noted that the equations in (13) consist of two parts. The first part is the boundary condition at the both ends of the lines, which could be solved by the BLT equation [38] - [39] in the time domain. The BLT equations in the Laplace domain are expressed by:
where the ρ 1 and ρ 2 are the reflection coefficients at both ends. S + and S − can be obtained by:
A short division method [8] is applied for solving the time domain BLT equations. Using this method, with the case that the terminal loads are resistive, the equations (15) can be expressed as:
Expression (17) shows that the solution of the time domain BLT equations consist of infinite time delay terms that represent the infinite reflections process of the traveling wave along the lines. To calculate the BLT equations within a certain finite temporal window, the first several terms in (17) will be enough.
In addition to the resistive loads, if the MTLs terminated by the frequency-dependent loads that exhibit in the form of first-order, the analytical solution of the time domain BLT equations can be simply expressed, which can be seen in detail in [34] .
To solve the voltage and current responses along the conductors analytically and iteratively, the main tasks at each iteration step are to obtain the analytical expressions of the source vectors S + and S − in (16) and the integration terms in (13) .
The proposed approach in this paper is used for the case that the excitation field is the uniform plane wave. For a case that the excitation field is the nonuniform field, the electric representation techniques that based on the matrix pencil method [40] can be applied.
III. DERIVATION OF THE GENERAL ITERATIVE PROCEDURE OF THE PROPOSED APPROACH
In this section, a typical overhead 3-phase transmission line is used as an example to describe the derivation of the proposed method.
A. ITERATION 1 In the first iteration, the cross-coupling between conductors is not considered since in the initial state, the line voltages and currents are zero. The only exciting source is from the incident electromagnetic field. In this case, the voltage and current responses along the conductors can be obtained analytically. The Telegrapher's Equations in this iteration can be expressed as:
If the exponential excitations are formed with
where a and b are the coefficients, E is the electric field of the incident transient electromagnetic field, and U (t) represents the step function. If the Taylor et al. model is applied, the source terms in (18) are formed as:
wheref t,v and f t,i are the coefficients that depend on the exciting field. The expressions (18) are then transformed into the combined voltage form, which the general solution can be expressed as:
where the source terms are given by:
To obtain the analytical integration of the terms w n+ and w n− in (24) , the integral of the term E(t) in (24) is expressed as
Noting that:
Equation (25) can be simplified as:
Considering (27), the general solutions for w (1) n+ (x,t) and w (1) n− (x,t) can be obtained as
After straightforward manipulation and combining similar terms, equations (28) and (29) can be simplified as
in which the functions G 1+ , G 2+ , G 1− and G 2− are defined as
Finally, the analytical expression of the voltage and current response along the MTLs can be expressed as:
n,v1 (t − k n x) + g (1) n,v2 (t + k n x) + g
n,i1 (t − k n x) + g
n,i2 (t + k n x) + g
where g (1) n,v1 ∼ g (1) n,v3 , g
n,i1 ∼ g (1) n,i3 are predefined coefficients that are defined as g (1) n,v1 (ξ ) = G (1)
From the second iteration on, the incident electromagnetic field and the cross-coupling between all the conductors is taken into account. All the conductors are handled sequentially.
1) CONDUCTOR 1
The Telegrapher's Equations for the conductor 1 in iteration 2 is expressed by:
Following a similar approach as in the first iteration, the analytical expressions for the voltage and current responses along the conductor 1 after 2 iterations can be formulated as:
1,v9 (t)D k 3 x i
where g
1,v1 ∼ g
1,v9 , g
1,i1 ∼ g
1,i9 are the predefined coefficients.
2) CONDUCTOR 2
When handling conductor 2, we will use the updated values for the voltages and currents along the conductor 1. The Telegrapher's Equations for the conductor 2 are expressed by:
The voltage and current response along the conductor 2 are given by:
2,v1 ∼ g
2,v11 , g
2,i1 ∼ g
2,i11 are predefined coefficients.
3) CONDUCTOR 3
Again, when handling conductor 3, we will use the updated values for the voltages and currents solution along the conductor 1 and conductor 2. The Telegrapher's Equations for the conductor 3 are given by:
The analytical expressions for the voltages and currents along the conductor 3 in iteration 2 are given by:
3,v10 (t)D −k 2 x + g
3,v11 (t)D k 2 x +g
3,v12 (t)D −k 2 x x + g
3,v13 (t)D k 2 x x (43) i
3 (x, t) = g
3,i1 (t)D −k 3 x + g
3,i2 (t)D k 3 x +g
3,i4 (t)D −k 3 x x + g
3,
where g (2) 3,v1 ∼ g (2) 3,v13 , g
3,i1 ∼ g (2) 3,i13 are predefined coefficients.
C. ITERATION r, r >2
For iterations 3 and higher, the procedure is similar to iteration 2. The flow-chart of the procedures in the proposed method is presented in Fig. 2 . In this paper, the time domain Telegrapher's Equation is based on the Taylor et al. model [12] . It is to be noted that the proposed approach can also be applied to the case that the time domain Telegrapher's Equation based on the Agrawal et al. model [13] and that based on the Rachidi model [14] .
IV. VALIDATION OF THE PROPOSED ALGORITHM
In this section, several numerical examples are presented to demonstrate the validity of the proposed approach in evaluating the transient response of illuminated multiconductor transmission lines in time domain. In these four numerical examples, the multiconductor transmission lines are illuminated by an incident electromagnetic plane wave with a polarization angle α = 0 • , an elevation angle ψ = 30 • and an azimuthal angle ϕ = 0 • . The electric field waveform was defined according to IEC 61000-2-9:
where E 0 = 50 kV/m, k 0 = 1.3, α = 4×10 7 s −1 , and β = 6×10 8 s −1 .
A. EXAMPLE 1: THREE-CONDUCTOR LINE TERMINATED BY THE LINEAR LOADS
In the first example, we consider a 100-m long overhead three-conductor transmission line structure above a perfectly conducting ground. The height of the conductor is 3 m. The distance between two adjacent conductors is 1.5 m. The diameter of each conductor is 3 mm. The near-end terminal loads are 50 . Three cases for the far-end terminal loads are considered: (i) 50 resistance, (ii) 100 nF capacitance, and (iii) 10 nH inductance. Figs. 3 and 4 present the computed voltages and currents after 2 and 3 iterations for the case (i). For comparison, the results calculated from a conventional FDTD method are shown as the reference on the same plots. The cases with capacitive and inductive terminations are shown, respectively, in Figs. 5-6 and Figs. 7-8 . The figures show that, with only 3 iterations, the results obtained from the proposed method agree very well with that using the conventional FDTD method.
To quantify the differences between the results obtained from the proposed approach and those from the conventional FDTD method, a relative error ε is defined as follows:
where N t is the total number of sampling points, t k is the time value at the k th sampling point, and s 1 and s 2 are the results calculated by the conventional FDTD method and those by the proposed approach, respectively. The relative errors of the voltage results between the proposed method and the conventional FDTD method are listed in Table 1 . It shown that after only 3 iterations, the relative error is within 5%. 
B. EXAMPLE 2: HIGH L/λ CASE AND HIGH COUPLING FACTOR CASE
To address the presence of nonlinear components, the DARIT method based on the Jacobi iterative scheme has been extended to the time domain (Jacobi-DARIT-TD) [34] . However, as discussed in the previous work [35] , the method that is based on the Jacobi iterative schemes may suffer from a relatively low convergence rate for the case where the MTLs have a high ratio of length over wavelength L/λ and the case where the MTLs have a high coupling factor (CF, which was defined in [33] ). To enhance the convergence rate for these two cases, the Seidel-DARIT-TD method was developed. This example aims at demonstrating the superiority of the proposed approach in the case where the MTLs have a high ratio of length to wavelength and the case where the MTLs have a high coupling factor, and comparing the computational performance of the proposed approach with the previous time domain DARIT method. There are two cases are presented in this example.
Since the wavelength is determined in a certain waveform of the incident electromagnetic field, the convergence rate of the DARIT method is strongly dependent on the length of line. In the first case, we consider the overhead three-conductor transmission lines structure above a perfectly conducting ground. All the three conductors are located at a height of 1 m above ground, and the distance between two adjacent conductors is 1.5 m. The diameter of each conductor is 1 mm. The multiconductor transmission lines are terminated by the 100 resistance at the both ends. There are ten cases with different length of the conductors, which ranging from 10 m to 100 m in a step of 10 m. Figs. 9 and 10 present the voltage results at the far-end of conductor 1 obtained from It can be seen that when the conductors are relatively short, the results obtained using the two iterative methods are both in excellent agreement with the results using the conventional FDTD method. However, when the conductors become longer, the relative errors of these two iterative methods increase at a different level. Despite this, the result obtained by the proposed approach still shows a reasonable computational accuracy. Fig. 11 shows the relative errors of the two iterative methods (after 3 iterations) with different length of conductor. It shows clearly that the computational accuracy of the proposed approach is much higher than that of the Jacobi iterative method. In the second case, we also consider the overhead three-conductor transmission lines structure above a perfectly conducting ground. The length of the three-conductor transmission lines is 15 cm, the height is 15 mm, and diameter is 1 mm. The loads on near-ends and far-ends are 50 and 50 pF, respectively. There are eleven instances in this case with different distance between two adjacent conductors, which ranging from 30.4 mm to 3.93 mm, making the coupling factor range from 0.10 to 0.60 accordingly. Figs. 12, 13 and 14 present the computed voltage results at the far-end of conductor 1 obtained by the 3 iterations of the Jacobi-DARIT-TD method and that of the proposed approach with the coupling factor of 0.10, 0.35 and 0.60, respectively.
The figures show that when the MTLs have a small coupling factor, the results obtained using the two iterative methods are both in excellent agreement with those using the conventional FDTD method. With an increase in the coupling factor, a slight error appears in the results. When the MTLs have a high coupling factor, the result obtained from the proposed method clearly has a significantly smaller error than that from the Jacobi iterative method.
To quantitatively describe the computational accuracy of the two methods, the relative errors are calculated for these eleven instances with different coupling factors. Fig. 15 shows the relative errors of the two iterative methods (after 3 iterations) with different coupling factors. Clearly, the proposed approach has a much higher convergence rate than the Jacobi iterative method.
C. EXAMPLE 3: THREE-CONDUCTOR LINE TERMINATED WITH NONLINEAR LOADS
In this example, we consider a 150-m long overhead threeconductor transmission line structure above a perfectly conducting ground. All the three conductors are located at a height of 1 m above ground, and the distance between two adjacent conductors is 1.5 m. The diameter of each conductor is 1 mm. The near-end terminal loads are 100 . All the conductors are terminated by the nonlinear load in parallel with the 50 linear resistance at the far-end. The nonlinear load is 0.5 when the absolute value of voltage on it is larger than 10 kV, whereas the terminal does not conduct in any other cases. The current/voltage characteristic of the nonlinear load is shown in Fig. 16 , which represents the characteristic of a typical surge arrester.
The calculated voltage and current results at the far-end of conductor 1 obtained by the 3 iterations of the proposed approach with the time step of 10 ns and the total time of 3000 ns are shown in Figures 17 and 18 . For comparison, the results calculated from a conventional FDTD method are shown as the reference on the same plots. In the conventional FDTD method, the time step was set to 0.2 ns, the total time was set to 3000 ns, and the mesh size was set to
x =0.15 m, y =0.1 m and z =0.1 m. The figures show that even though the proposed method adopts a time step that is 50 times larger than the time step of the conventional FDTD method, the results obtained by the proposed approach are in excellent agreement with those obtained by the conventional FDTD method. Table 2 shows the comparison of the relative error and the computational time cost of these two methods (run on the PC with 2.8 GHz CPU, 8 GB RAM, the software is the MAT-LAB). The table shows that the proposed method has a much lower computational time cost than the conventional FDTD method. Specifically, the CPU time cost by the conventional FDTD method is more than 5500 times larger than the CPU time cost by the proposed method with 3 iterations. It should be noted that although these two methods adopt the very different time steps, the comparison of CPU cost in Table 2 is reasonable since the proposed approach adopts an analytical method. adopted analytical scheme and so that the accuracy is not dependent on the time step.
D. EXAMPLE 4: COMPUTATIONAL EFFICIENCY OF THE PROPOSED APPROACH
When evaluating the transient response of illuminated MTLs using the conventional FDTD method, since the incident transient electromagnetic field normally contains the high frequency component, the adopted mesh size should be significantly smaller than the smallest wavelength of the incident transient electromagnetic field to keep a reasonable computational accuracy. According to the Courant-Friedrich-Levy (CFL) stability condition [41] , the value of the time step is related to the adopted mesh size and should also be small enough to avoid the dispersion, thus normally leading to a low calculation efficiency. In contrast, the proposed approach is entirely based on the analytical scheme, and the computational accuracy is independent of the time step. In this example, the calculation efficiency and the computational accuracy of the proposed approach are investigated.
The configuration of the overhead MTLs in this example is the same as that in example 3. The transverse mesh size for the conventional FDTD method is set to y = z =0.2 m. The mesh size x is set to 0.2 m, 0.3 m, 0.4 m, 0.5 m, and 0.6 m, corresponding to the time steps of 0.25 ns, 0.30 ns, 0.35 ns, 0.40 ns, and 0.45 ns, respectively. The time step in the proposed approach is also set to the same value as the time step in the conventional FDTD method. The relative errors (the reference waveform is obtained by the conventional FDTD method with the time step of 0.2 ns) of these two methods with different time steps are shown in Fig. 19 . It can be seen that when the time step increases, the relative error of the conventional FDTD method increases significantly, whereas that of the proposed approach remains almost the same and approximately equal to the value obtained with the time step of 10 ns, showing that the computational accuracy of the proposed approach is not dependent on the time step. To compare the computational speed between the two methods, the relationship between the CPU cost and the time step for the two methods is shown in Fig. 20 . The figure shows that for a given time step, the CPU cost of the proposed approach is significantly lower (approximately one order of magnitude) than that of the conventional FDTD method.
It should be noted that for convenient comparison, the time step of the proposed method is set to the same value as the time step of the conventional method in this example. In fact, the example 4 shows that the value of the time step in the proposed method can be increased significantly to achieve a higher efficiency with the same accuracy.
V. CONCLUSION
In this paper, an efficient time-domain approach to evaluate the induced response of multiconductor transmission lines illuminated by transient electromagnetic fields was proposed. In this approach, the cross-coupling between the conductors is represented by the equivalent distributed voltage and current sources along every lines. Then, the analytical expressions of the voltage and current response along MTLs are derived iteratively in time domain based on the Gauss-Seidel iteration algorithm.
The validation examples presented illustrated that the proposed approach can handle the case that MTLs terminated by the linear load and the case that MTLs terminated by the nonlinear load. The proposed method exhibits a much higher convergence rate than the previous Jacobi iterative method, especially for the case where the MTLs have a high ratio of length to wavelength and the case in which the MTLs have a high coupling factor. The numerical performance of the proposed approach, in terms of computational accuracy and calculation efficiency, was found to be superior to that of a conventional FDTD method. Additionally, due to the analytical methodology that the proposed approach adopts, the computational accuracy is independent of the time step, which allows obtaining similar computational accuracy as in conventional FDTD method with considerably larger time steps. The proposed approach is therefore very efficient for modeling of the transient electromagnetic field coupling to long overhead MTLs.
Future studies include the extension of the proposed model to consider the effect of line losses. 
